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Abstract. The magnetic anisotropy coefficients and constants of single-ion origin as functions
of magnetization have been computed and classified. They are valid for a whole class of untrivial
theories and are thus universal or canonic within this class. The role of the anisotropy coefficients
as a finite basis of functions spanning the variation of the constants with magnetization and,
hence, with temperatore and applied field is clarified. The ratio of the zero-temperature
anisotropy constants is of crucial importance for the observed type of magnetization dependence
of ihe first anisotropy constant when two basis functions are considered. The method is directly
applicable to the analysis of magnetostriction of single-ion origin and serves to identify and
quantify three generic types of variation of anisotropy and magnetostriction, It is demonstrated
that a compensation point As = 0 for the macroscopic magnetostriction constant of amorphous
ferromagnets may resuit from the competition between the lowest and the next-lowest single-ion
contributions even if no two-ion contributions are considered. Prospective extensions of the
method are given. i

1. Introduction

There exist two established ways to characterize that part of the free energy of a crystalline
substance which depends on the orientation of macroscopic magnetization with respect to
the crystallographic axes. One way is to expand the anisotropy energy in symmetry-dictated
combinations of powers of direction cosinés of magnetization, whereby the description is in
terms of the set of anisotropy constants {K;}. Alternatively, one may expand in spherical
harmonics and this gives rise to the description in terms of the set of anisotropy coefficients
{ic,} [1~3]. Both possibilities are of equal group-theoretical value on the phenomenological
level of description of anisotropy, for the direction cosines are nothing but the reduced
Descartes components of magnetization and the relationship between both descriptions
is analogous to a description of a given physical property in Descartes and in spherical
coordinates, respectively. Experimentally, one measures the anisotropy constants, while
there is a certain theoretical advantage, even at the phenomenological level, in using the
anisotropy coefficients which is due to the straightforwardness of the spherical expansion.
Once the normalization of the spherical harmonics has been chosen, simple transformation
relations between constants and coefficients and vice versa can be written down and these
have been known for quite some time. For fixed experimental conditions, one hardly
needs to know more. In an adequate thermodynamic description, however, one needs
to know, beside the angular dependence, the temperature and magnetic field dependences
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of the anisotropy emergy. In the above descriptions, they are carried by the constants
{Ei(T, H)} or the coefficients {&,(T, H)}., respectively. In deducing the temperature and
field dependences by going to the deeper level of the statistical mechanical description based
on quantum mechanics, the set of coefficients is certainly the more fundamental one. The
natural course of action would then be to eventually compute the coefficients as functions of
temperature and field and to make use of the general, symmetry-based connection between
constants and coefficients in order to find the constants as well.

In uniaxial symmetry, the anisotropy free energy F; in the ‘constants’ representation is
given by

> K, sin?(®) W
p integer
where & is the angle between the direction of magnetization and the crystallographic axis
of uniaxial symmetry. In the ‘coefficients’ representation Fy, which is equivalent to F) so
far as the angular dependence is concerned,
Fy= Y pal0)BYYY@)in(T) @
neven
where BY are the Elliott-Stevens crystal-field parameters [4, 51, Y%(9) are the spherical
ha.rmomcs and the anisotropy coefficients are defined as the thermal averages of the Stevens
operators (O“)(T) normalized against their zero-temperature values [1, 3, 6]
T
B = 2D @
(O2(0)
The zero-temperature values p,(J) = (@S)(O), with J being the angular momentum
quantum number, and the anisotropy coefficients themselves can be found from the
information given in [4]. The former are J -depgndent products, while the latter turn out to
be linear combinations of the moments M, = (J}'). One may refer to {6-8] for the explicit
expressions which will not be reproduced here for the sake of brevity.

2. Specifying the anisotropy coefficients for a class of untrivial theories

There is a whole class of theories [9] (mean-field theory, random-phase approximation
to the Green functions approach, Callen’s decoupling scheme within the Green functions
technique, etc [10, 11]), for which the moments and, hence, the apisotropy coefficients
can be expressed as explicit functions of the generalized effective field x of Callen and
Shtrikman with the help of the explicitly known generating function for the moments in this
class. The intermediate steps in this procedure can be found in [6, 7]. The overall effect is
that one finds

ky = igp(x) ) €]

with an explicitl:y known right-hand side, while, simultaneously, the reduced magnetization
per magnetic site is given by

m(x) = Mi(x) = B;(x) (5)

where B;(x) = a coth{ax) — bcoth(bx) witha = 1+ b and b = %J is the Brillouin
function. The generalized effective field itself is to be found from

x =In(l+41/P) : (6)

where & is the average number of quasiparticle excitations [9].
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A formal solution giving the anisotropy coefficients as functions of magnetization wouId
be achieved by inverting equation (5)

x = By (m) = x(m) ' @
and inserting this into equation (4) so that
ity = Ky (BT (m)) = kn(m(T, H)). ' (&)

An explicit solution of the type (8) is furnished by an analytical precedure for a closed-
form inversion of the Brillovin function; the explicit inverse Brillovin function was found
for J = 1and J =3 (the case with J = ] being a trivial one) (12, 13). Unluckily, these
values of J (without J = l) support the second moment M2 = (fzz) only and, hence, only
%y(m(T, H)) can be found explicitly for J =1 and J = 3

Quite recently, a very effective parametric solution was gwen [6; 7]. In fact, equations
(4)(5) as they stand represent the parametric solution with the flowing parameter x.
The whole physical range of change of magnetization for any temperature and field is
covered uniguely when the generalized effective field x sweeps between zero and infinity.
This statement has been corroborated for the mean-field theory and for the random-phase
approxirnation [6, 7]. Here ‘uniquely’ means in a one to one correspondence and this stems
from the monotonicity of the generalized effective field with respect to temperature for fixed
field and with respect to field for fixed temperature. While the property of monotonicity is
rather general and is certainly valid beyond the class of theories considered, it is instructive
to see it on the example of the mean-field theory. There,

cm -+ h
=— ©)

with suitably reduced temperature ¢, field %, and magnetization m, while ¢ is a constant.
For i = 0, the effective field x decreases monotonically from infinity at T = 0 to zero at
T = T,. For fixed nonzero %, the same monotonic variation of x occurs, but the zero is
attained for T — 00. On the other hand, for any fixed nonzero temperature T, the effective
field increases monotonically w1th the growth of applied field £ and tends to infinity for
h— o0 -

3. Canonic dependencég and the parametric method for their computation

It must now be obvious that one does not need to specify x from equation (6) in order
to find the dependence of the anisotropy coefficients k, on the magnetization. One needs
only input the value of J and collect pairs of points for a given value of x € [0, 00) in
a parametric sweep with equations (4)—(5). This means that the dependences i, (m) so
calculated are valid for the whole class of theories mentioned above. In this sense, they are
canonic dependences. Until recently, only the canonic curves for ia(m), ica(m), and ig(m)
with J = oo have been known. Their extensive use [1, 3, 14] is based on the fact that
a closed-form expression in terms of the (suitably normalized) modified spherical Bessel
functions J41 (L7 (m)) with I = 2,4,6, ... has been found [15], where £7!(y) is the
inverse Langevin function. Taken at face value [16], however, these functions are nothing
- more than combinations involving hyperbolic functions of the type arising when calculating
the k, with the help of the generating function-of Callen and Shtrikman [9] for any finite
J. Besides, a closed form expression for the inverse Langevin function is unknown just as
BE’ for J > 5 Hence, the infinite-J case is no less formal than any J > 5 case. The
parametric solution makes this difference between finite and infinite values of J ignorable,
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for it operates equally well and easily with any J, be it finite or infinite. Apart from
the seeming simplicity of the infinite-J result, the point was made that the &, with finite
J, when given as functions of magnetization, are practically the same as for the infinite-J
case. The statement [1] was based on comparison with dependences found by Wolf [17, 18],
of which, however, only #s(m) for the two values 3 and I of the spin quantum number
could be an object of comparison as only their analogues for the case considered by Wolf
had been given [17, 18]. However, his calculations concerning local uniaxial distortions
in cubic symmetry were set up within a framework of computing quantum mechanically
nonequidistant energy levels and are perturbative and restricted to sufficiently small uniaxial
couplings and to low temperatures. Besides, two' further objections can be raised. First,
using automatically the infinite-J results implies, e.g., that one could set up a calculation
in which a system of magnetic moments of, say, J = [ is found to possess anisotropy
coefficients of order four, six, etc. However, as is well known, higher-order anisctropies
are supported only by sufficiently high values of J. A further objection is the fact that the
normalizing factors p.(J), ie. the zero-temperature values of the corresponding Stevens
operators, are quite different for different values of J, and much more so for J — 0. This
point has been brought to light in [19].

3.1. Canonic dependences for the anisotropy coefficients

All these remarks serve to clarify that the sitwation with the canonic dependences is rather
simple for any value of J once the point of view of the parametric approach is grasped
and accepied as a working tool. Its output is easy to generate and implement. In figure 1
we give the first group of canonic dependences, those for the anisotropy coefficients for
different values of J. They are valid for the whole Callen and Shtrikman class of theories
[9]. Besides, in the normalized form of the defirition (3) they do not depend in any way on
the normalization of the spherical harmonics or the Stevens operators [20]. The conjecture
that the curves with different values of J lie close to each other is borne out. Note,
however, that very serious deviations between finite and infinite values of J occur when
the temperature dependence of anisotropy is computed theoretically. For instance, it has
been proven within the mean-field approximation that Z,(T) is a sixictly linear function of
temperature for J — oo in zero applied field (£&.(T) = 1 — T/ T,), while this is by far not
the case for £2(7) for any finite J [6].

3.2. Canonic dependences for the anisotropy constants

The second group of canonic dependences is related to the amisotropy constants as
functions of magnetization. The issues involved will be discussed in sufficient detail
for the vniaxial case under the assumption of negligible in-plane anisotropy, while only
the salient results will be mentioned for the case of cubic symmetry. It has often
been remarked that the *unusual’, non-monotonic dependences of the anisotropy constants
of great many materials are presumably due to the effect of higher-order anisotropy.
This issue requires a closer examination. The best way to proceed is to consider
the set of anisotropy constants as expressed in ferms of the set of the anisotropy
coefficients. Under the assumptions of the fundamental theory of magnetic anisotropy and
magnetostriction [1, 21, 22] and throughout the Callen and Shtrikman class of theories [9],
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Figure 1. Canonic dependences for the normalized anisotropy coefficients: the set &2, k4, and
kg as functions of magnetization (arranged in this order from above). In each family, the upper
carve is for J = %, the lower one is for J = -1§

the following triangular set of relations holds [8]:

Kp = . apE?.p

Kyt = bp1k2p-1y + Bpkap

: (10)
K, = - Clks + ... + Cp_lfz(p_g) -+ Cpf?fzp

K, = diky + dika + ... + dpoikyp-y + dpkap.

An extensive discussion about what is the highest anisotropy constant K, which appears
and, hence, what is the number p of these relations under various circumstances has been
given elsewhere [8]. In any case, for single-ion anisotropy due to rare earth atoms (and
under the assumptions just mentioned), there is no higher constant than X3 [3, 23]. Once the
number of anisotropy constants relevant to the discussion in any given material is settled,
the triangular property of the above relations is seen to come from the fact that a term of
the form K; sin® @ in the phenomenological expansion cannot contain contributions from
Equ’r?(e) with g smaller than i, since this would imply that X; multiplies also terms of
lower powers in sin@ which is impossible by the definition of K;. The very important point
we wish to emphasize is that the set of normalized, dimensionless, monotonic functions
{Ezp}, defined on the interval [0, 1] and taking on values between [0, 1], sets up a basis of
Junctions which carry the dependence on magnetization m and, via m, on temperature and
applied field as well. Hence, the relations (10) should be regarded not so much as expressing
the otherwise correct fact of mutual interchangeability of constants and coefficients when it



6914 Y Millev and M Fihnle

comes to the characterization of ‘anisotropy in a given system, but as relations expressing a
set of unknown functions (the K,.O) as linear combinations of a finite basis of functions (the
&) which can be easily computed for a whole class of untrivial theories by implementing
the parametric method as explained earlier in this paper. Now then ‘higher-order anisotropy’
means that one must consider p > 1 constants in the phenomenoclogical expansion. The
‘must’ ‘may originate from the theoretical side (for some firmly established reasons, one is
set from the beginning to consider a basis of p functions &,) or, more reasonably, it may
derive from practical considerations. One namely considers the top relation in (10} and notes
that, since i, is dimensioniess and normalized so as to be unity at T = 0, the coefficient
ap is identical with Kg = K,(T = (). If there is experimental information that the latter
quantity is small beyond concem, one may cut down the set of constants by one. In other
words, arguments of smallness as applied to the intrinsic (T = 0) anisotropy may happen to
be applicable. Once the number p of constants to be considered has been decided upon, one
notes that the coefficients in the linear combinations (2) are expressible via p independent
quantities. It seems especially useful and promising to take the zero-temperature values
{Kg} as p independent quantities [8]. The number can be reduced by one to p — 1 by
expressing all anisotropy constants in units of any one of them and it is natural to choose
the unit as K¥ (care has to be exercised in tracking down the effect of its sign, however).

4. Types of canonic carve in the two-constant case

To illustrate these ideas, we choose the simplest case involving higher-order anisotropy,
the one with p = 2. In the following, we find it convenient to use the normalization for
the spherical harmonics as given in [1] and [2]). This is important if connection is to be
established with ab initio calculations where, typically, the crystal field parameters {47}
entering the {B™} are being calculated. Note, however, that neither the product p,(J) BSY?
entering equation (2) nor our results concerning the anisotropy constants depend on the
normalization chosen. The relevant relations in the two-parameter (p = 2) case are, in units
of K?,

K 8 \. 8.

f?-= (I +~ir) lcz—?m‘; (11)
K _

o = @

where we have introduced the ratio r = KJ/K?. Note that the use of a two-parameter
representation of anisotropy is in fact exact for quantum numbers J = 2 and J = 5/2,
while for cases with J > 5/2 it might still be a reasonable approximation. This will be the
case, for instance, with single-ion anisotropy coming from rare earth atoms with J > 3/2
in materials for which K7 is negligibly small [8].

To summarize the information on the second group of canonic curves, one generates the
dependence of the anisotropy constants on magnetization by implementing the parametric
method to equations (11) with insertion of the relevant value of the ratio r. This means that,’
so far as the constants in the two-constant approximation are concerned, one has to do with a
one-parameter family of canonic curves, unlike the totally determined basis functions &, (m).
Still, for a given r, the curves are valid for the whole class of theories as defined earlier. In
figure 2(a, b) we give two such families of curves for J = % and J = %, respectively. In the
latter case, the curve with r = —3 corresponds tentatively to the experimental ratio K3/K?
measured in FeoNd;2B. Only the dependences Ki(m) are presented, as by equation (11)
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Figure 2. Canonic dependences for
the anisotropy constant K1(m)/K? in
the two-constant vniaxial case for a
given intrinsic ratio r = KJ/K).
The thick curves are the borderlines
between the three generic types of
dependence and are obtained with r =
% and r = ~F (upper and lower thick
curves, respectively). Representative
values of r have been taken to
illnstrate the dependence inside each
of the gemeric groups of behaviour
(thin lines). (a) J = Z: from above
r=L4.—4 -2 ) J = § from
abover=1,1,-1 -3, 3.
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the dependence Ka(m} is given by &s(m) up to scale and sign which are dictated by r. One
can see that the expectation for a richer variety of dependences for the constants K;(m),
as opposed to the ‘cool’ monotonicity of the coefficients &,{(m) (figure 1), has been met.
Three types of dependence are easily distinguished in figure 2; they are separated by thick
borderlines in the same figure. The origin of the variety observed for K;(m) can also be
easily understood. This is simply the extra basis function &;(m) contributing to X' (m), but
not to Ko(m). Two general features will certainly persist for cases with more constants
included. First, in principle, one will always observe the most peculiar behaviour with the
anisotropy constant of lowest order (K1), since K;(m} is always the result of superposing
the greatest number of basis functions &,(m), except for some ratios which nullify some
factor in the linear combination (see below for an example). Second, for sufficiently high
temperatures (sufficiently small magnetization) it is the first anisotropy constant that will
dominate, regardless of what the p —1 ratios r; = (T = 0)/Ki(T =0) (j =2,3,...., p)
are, This is easily derivable from the asymptotic expansions of &,(m) for T — T, (m — 0)
[8] and can be seen in the canonic plots in figure 1.

Consider now the types of curve for K1(m)/K? given in figure 2. Generically, they
are of (i} a non-monotonic type with a maximum (above the upper borderling), (ii) a
monotonic type (in the domain between the borderlines), (iii} a non-monotonic type with a
negative minimum and a zero point at some inner point mg (below the lower borderline).
Mathematically, the first and third types are equally peculiar. They both have a local
extremurn at an internal point cf the interval m [0, 1]. Physically, the third type is much
more intriguing, since it involves a change of sign of K;. Imposing the condition K; = 0,
one gets

8 r iz{mg)
= == 0. 13
T1+8r  K(ms) e 13

The inequality could be met for either r > Q or r < —%. The first possibility (r > 0) is
ruled out by counterexample (take, e.g., r = 1 > 0, substitute in equation (11}, and mind
that iz is strictly greater than &, everywhere inside m € (0, 1) (figure 1)). So the lower
borderline corresponds to a critical value of r = —%.

This simple argument has the deficiency to be a necessary condition only and the
sufficiency is in fact proven by the parametric method (cf. figure 2). However, an exhaustive
argument leading to the analytical determination of both borderlines can be set up for the
two-constant anisotropy case we are now considering. It is based on examining the signs
of the first derivatives of the basis functions k, at the ends of the interval m € [0, 1] with
the help of the explicit asymptotic expressions for these functions. The method has been
employed in a study of the temperature dependence of the anisotropy constants in the mean-
field approximation and has been given in detail elsewhere [8]. One finds that the family
of canonic curves for K;(m) splits into three generic groups specified as follows:

q

group 11 r >3 (14)
group 2:  —f<r<i (15)
group 3:  r < -1 (16)
The borderlines are thus to be found for r = 2 and r = —1. By equation (11), at r = £,
K\(m)/K? = Rica(m) ~ 2Ra(m), while at r = — one finds simply K;(m)/K? = Zq(m)
and Ka(m)/ K = —Ika(m), i.e., Kam) ~ K1 (m) ~ K4(m). In this latter case, we have an

example of a particular value of the ratio r for which both linear superpositions (cf. equation
(2) for X and K3 are of ‘equal length® (here, simply proportional to k4, while > does not
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show up at all). Accordingly, the lower borderline in figure 2 is just the plot of the basis
function Zq(m). _

The classification of the possible types of dependence of K; as a function of
magnetization i$ the same as found in the analysis of the corresponding temperature
behaviour in the mean-field approximation. As it stands here, this classification is valid
for the whole class of theories envisaged [9], since here it is found when considering the
relevant basis functions as functions of magnetization and it was already demonstrated
above that these are valid for the whole class. This result is in itself a generalization in
comparison with the mean-field treatment of the temperature dependence [8). Moreover,
the temperature behaviour of the first anisotropy constant in the two-constant anisotropy
case will definitely obey the classification not only for the mean-field case, but for the
whole Callen and Shtrikman class. This is essentially due to the monotonic behaviour of
magnetization with temperamure and it is the invariance of the sign of dm/dT < Q that
matters when extending the above classification to any particular temperature dependence
within the class. ‘ .

For the sake of completeness, we mention in passing that the same type of analysis
leads in the two-constant cubic case to the subdivision of the family of canonic curves for
K?¢(m) into three analogous generic types, which are realized for r > 10, 11 < r < 10,
and r < —11, respectively. One sees that there is a substantial quantitative difference by
an order of magnitude, so far as the values of r delineating the analogous regimes are
concerned. This makes the possibility for an experimental realization of the non-monotonic
types of behaviour rather unrealistic. Besides, in cubic materials for any given anisotropy
consiant Kf””f‘ the linear combinations are one term shorter and, consequently, the variation
opportunities are significantly reduced. Note, however, that if one considers anisowopy of
single-ion origin due to rare earth ions sitting on sites of cubic symmetry, the classification
presented here for the cubic case is exhaustive, since no basis functions «,(m) with n > 6
are allowed [23], while » must be greater than two by cubic symmetry; hence, one is left
with just two basis functions, those with indices four and six.

5. Extension of the method to magnetosiriction of single-ion origin

The systematization of the variation of anisotropy constants with magnetization m is
immediately applicable to the analysis of the variation of magnetostriction of single-ion
origin with magnetization. The detailed expressions for the magnetostriction coefficients
are rather complicated both in uniaxial and in cubic symmetry [1, 21, 22], since group
theoretical classification arguments are involved and quite a number of magnetoelastic
coupling constants as well as elastic constants have to be taken into consideration. However,
there is almost no hope that all this detziled information could be available with any reliable
accuracy in any given experimental case. That is why one resorts to folding all unknown
information into free fitting parameters which are then determined from the available data
on the varjation of magnetostriction with temperature or magnetization. When this course
of action is adopted, the problem is seen to be immediately reduced to the characterization
of the functions {A;} (the independent components of the magnetostriction tensor) as linear
combinations of several other functions carrying the magnetization dependence. To be
specific, we shall not examine at this time contributions to magnetostriction beyond the
single-ion ones; furthermore, the latter will be treated within the Callen and Callen theory
(11 which is valid for the whole Callen and Shtrikman class [9]. To be able to apply the
results from the analysis of magnetic anisotropy as given above, we keep the contributions
from iz (m) and k4(m) or from &4{m) and Kg(m) in the case of uniaxial or cubic symmetry,
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respectively. All this amounts, in the first place, to writing the independent components
A:(m) as '

A (m) = ¢iap(m) + chRagr1y(m) an

where ¢} and ¢} incorporate the unknown detailed information about the magnitude of
the magnetoelastic coupling and the elastic constants involved, but do not depend on
magnetization, while the number z appearing in the subscripts of the basis functions is
one or two for the uniaxial or cubic cases, respectively. Now that the basis of functions
has been set up, it is not essential that the coefficients in the latter linear combination
have not some deeper meaning like the meaning of transformation coefficients between
equivalent representations in the case of magnetic anisotropy which we considered first,
Using normalization against the zero-temperatere value of magnetostriction in order to
reduce the number of coefficients by one as before, one finds

ﬁ(m:)_ﬁ = t'iegy(m) + (1 — & icagz 41y (m) (18)
where use was made of the normalization of the &, (K, = 1 form = 1, ie., for T = 0).
The conclusions about the possible types of behaviour of the respective magnetostrictive
constant due to single-ion anisotropy derive immediately from the analysis, already done for
the anisottopy constants. Namely, three types of variation with magnetization (and, hence,
with temperature) are possible and these can be defined for the whole class of theories under
consideration.
Now one finds easily the domains of the three generic groups of canonic curves for
magnetostriction. In uniaxial symmetry, one finds

group 1: o > 10/7 (19)
group 2: 0 <o €10/7 (20)
group 3: o' <O. 21

The canonic curves for the three types look like those for the anisotropy constants in the
three corresponding classes (cf. figure 2). The ‘family parameter’ for each component A;
is now o and the formal correspondence with anisotropy is established via the relation
of =1+ &r.

In cubic symmetry,

. 2

group I:  of > 3 (22)
group2: 0<ef € % 23)
group 3: o <. (24)

The correspondence with the treatment of anisotropy is established via o = 1+ li,-r.

In both cases of uniaxial and cubic symmetry the lower borderline (the one between
the monotonic type of variation and the type with a change of sign) occurs with o' = 0,
whereby it is plain to see that this borderline is simply either %;(m) in the uniaxial case or
ig(m) in the cubic case. Note that, just like with the anisotropy, the borderlines between the
different generic regimes of variation do not depend on the value of J, although the basis
functions do,

There are many ways in which the above information may be used in the analysis of
magnetostriction. By way of example from the experimental side, provided that only the type
of variation of magnetostriction of single-ion origin has been determined and even without
attempting a one-parameter fit to determine the value of of, one may use the relevant
inequality from among equations (19-21) or equations (22-24) as an integral (overall)
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restriction: on the combinations of magnetoelastic and elastic coefficients which enter the
parameter o explicitly. On the other hand, due to the smallness of the magnetoelastic
coefficients and the existence of fundamental restrictions on the values of the elastic
coefficients steroming from requirements of thermodynamic elastic stability [24], it may turn
out to be possible to rule out some of the three predicted types or to introduce additional
restrictions under which a given type may exist.

There is, however, a much more important issue of major practical inferest which is
involved in the analysis of magnetostriction of single-ion origin. It concerns the possibility
for, and the explanation of the origin of, near-zero saturation magnetostriction Ag =2 0
in a series of technologically important soft amorphous Co-rich or Fe-rich ferromagnetic
alloys [22, 25-28]. There arose the question of whether systems of this type are really
nonmagnetostrictive on a local scale or whether they-exhibit a local magnetostrictive effect
which averages ocut on a macroscopic scale. These structure-related possibilities were
denoted as type 1 and type 2 magnetostrictive alloys. To solve these issues, a polycrystailine
model of amorphous ferromagnets has been developed [27-30] whereby it is assumed that
the amorphous alloys are composed of very small structural units (‘grains’) which exhibit
similar symmetry and chemistry, but are randomly oriented. In a locally assigned frame
of reference adapted to the local symmetry exhibited, the magnetostrictive behaviour of an
isolated grain may be described by the independent components {A;} of the magnetostriction
tensor, and it is assumed that the temperature dependence of A; in these grains is determined
by two functions, each of which depends monotonically-on m:

Ai = a; f(m) + big(m). (25)
Taking into account the elastic interactions between the distinct grains, it has been shown

[28-30] that the macroscopic magnetostriction constant A5 of the alloy may be represented
as a linear combination of the {A;{(m)}, ie.,

As(m) = L{d:(m)] = Lla] f(m) + LIb:Jg(m). (26)
A system with Ag (m(73)) = 0 at some temperature Tp may then arise if all A; (m(Ty)) are
zero (type 1) or if the linear combination L [A;(m(T5))] is zero (type 2) and it has been
argued that type 1 materials are unlikely to occur. So far, it has always been assumed in the
literature that the two relevant basis functions f (m) and g(m) are those describing the lowest
single-ion contribution and the two-ion contribution to magnetic anisotropy [22, 25, 26],
i.e., that Ag = 0 comes about as a result of the competition between two rather different
sources of magnetic anisotropy and, hence, magnetostriction. In confrast, one can also
assume that the coefficients a; and b; in equation (25) are given by the coefficients c‘;
and ci of equation (17), i.e., the two relevant basis functions are related to the lowest and
second-lowest single-ion anisotropy. It has been demonstrated in this section that a change
of sign of A;(m) may indeed be obtained if the related parameters o; from equation (18) are
within a certain range. One can then obtain a zero-magnetostriciive alloy of type 1 if alf A;
vanish simultaneously for some particular value of magnetization and this is very unlikely.
On the other hand, the macroscopic magnetostriction constant Ag(m) is given by

As(m) = L{¢{1%2: () + LIc) Zaz 41y () 27)
and, hence, : '
Ag(m) _ -
m;“:—ﬁ. = oty (m) + (1 — a)ieyz1)(m). : (28)
A zero-magnetostrictive alloy of type 2 is now seen to result whenever the parameter
i
o = ol 29)

L[ci]+ LIcl]
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falls into the range specified as group 3 in equations (21) and (24) for uniaxial and cubic
Iocal symmefry, respectively, We have thus demonstrated that a vanishing macrescopic
magnetostriction in an amorphous alloy may arise from the competition between single-fon
anisotropies of different orders, even if there is no two-ion contribution. In certain cases,
it might be important for the analysis of experimental data to consider simultaneously both
sources of compensation effects, namely, higher-order single-ion anisotropy and two-ion
contributions (see also the end of the next section).

6. On the canonic dependences for anisotropy constants in higher-order (p > 2) cases

There are certainly further improvements which could be done to elaborate this type of
rather general analysis. ‘Two of these may be mentioned here as being in the phase of active
exploration. ’

The first one is the extension of the analysis of single-ion anisotropy to characterize
exhaustively the effect of extending the basis of functions %, by one for the uniaxial case.
The possible types of canonic dependence for X (m)/K} will certainly be more numerous
as now the corresponding linear combination is one function longer and, more importantly,
depends on an additional parameter X$/K?°. That is to say, now a two-parametric manifold
has to be explored systematically to set up a full-scale classification of the kind proposed
above. Besides, with a basis of three functions &, one must expect interesting behaviour for
the second anisotropy constant K, (m) as well. Moreover, in view of the present analysis, the
variation of K»(m) in this more involved case may already now be considered as exhaustively
characterized. Indeed, in the three-parameter case Kz(m)/K? = dika(m) + (1 — d\)ig(m),
where o) depends on a single ratio only [2]. Using the above method and the explicit
formulae for transforming between constants and coefficients in the three-parameter case,
one can easily classify the values of the relevant ratio for which three (1) different types of
behaviour of K, occur. These rather general predictions certainly extend the understanding
as to what might be expected from the variation of the second anisotropy constant in
uniaxial materials whose anisotropy is largely due to single-ion contributions coming from
rare earth ions, for instance. It might be expected that indeed non-monotonic variations with
magnetization (and, hence, with temperature) could be detected for the second anisotropy
constant, a phenomenon which has not been reported to date. This is a challenge to the
experimental work in the field of anisotropy.

To give a feeling of what new features might be expected to arise in cases when
three basis functions are involved, in figure 3{a, b) we give canonic plots of all the three
anisotropy coustants for some arbittary values of the intrinsic ratios 11 = r = K{’/Kf’
and 5 = K;’/I{?. These ratios are of paramount importance for the variation of the
constants upon changes of magnetization or temperature, respectively. (In fact, it would
not be exaggerated to claim that the p — 1 dimensionless parameters are constitutional
parameters for the single-ion anisotropy in a given system. It has been demonstrated [8],
for instance, that the values of these parameters determine unambiguously the temperature
evolution of anisotropy in any given system and corresponding anisotropy flow diagrams
have been given which are valid for the whole Callen and Shirikman class [9].)

Returning to figure 3(a), one may observe the considerable enhancement of the lower-
order anisotropy constants X, and K> which is due to the inclusion of the third-order basis
function K. In the presented case all three intrinsic constants K}‘,’ (p =1,2,3) are equal
(l.e., ra1 = r3 = 1). An important practical implication is that, should it be possible
to synthesize such materials or detect such a property in already existing ones, the first
anisotropy constant would be enhanced and its extremum would be pushed towards higher
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to X3. (a) Enhancement of K and K3

. due to the higher-order coefficients in
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K9). Ka(m) exhibits a change of sign
and a related maximum, while X devel-
ops an additional inflexion point when
computed as a function of temperature
(Ki(T) is not given, since it is not
canenic).
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teraperatures which is an effect of direct practical relevance. In figure 3(b), we have chosen
K? = K? = —K2? (ie., ryy = —rs; = —1). Interestingly, but not unexpectedly in view of
the present analysis, K2(m) is of the non-monotonic type with a zero point. The canonic
curve K(m) is monotonic, but it is to be noted that it behaves more peculiarly than in
any of the canonic cases in the two-constant anisotropy analysis. We have proceeded to
calculate the temperature dependence of X within the mean-field approximation with these
particular ratios and have found that, indeed, it exhibits 2 new feature, namely, it changes its
curvature three times inside the interval of variation (two inflexion points), whereas only a
single inflexion point is possible in the monotonic regime between the borderlines in figure
2 in the two-constant anisotropy case. This observation, though made for a ‘non-canonic’
dependence (the temperature dependence which is specific for each of the member theories
of the Callen and Shtrikman class), implies that the characterization of the generic types
has to be refined in the case when more than two anisotropy constants are involved.

The second advance which can be carried through successfuily is the adequate treatment
of two-ion anisoiropy. It can be mentioned at this stage that a parametric method is
being developed for this case as well; among other things, it makes known analytic results
concerning two-ion anisotropy easily applicable.

7. Summary

We have emphasized the role played by the set of fundamental anisotrepy coefficients &,
in the description of magnetic anisotropy and magnetostriction of single-ion origin. A
powerful parametric method allows one to compute the anisotropy coefficients as functions
of magnetization. The obtained dependences are valid, and we have correspondingly called
them canonic, for a whole class of untrivial theories under the assumptions of the Callen and
Callen theory of anisotropy and magnetostriction. Expressing the anisotropy constants K; as
linear combinations of the basis functions &, via the general relations for the transformation
between the two equivalent descriptions of anisotropy energy, one finds the families of
canonic curves for the constants as functions of magnetization, The different families are
determined by the p — I intrinsic ratios K? /K ? i=273,...,p), where p is the number
of anisotropy constants included in the corresponding anisotropy free energy. It is thus
of paramount importance that the intrinsic (constitutional) anisotropies are experimentally
measured for each particular case of interest. For the class of theories discussed here
and with respect to the variation of anisotropy with magnetization or temperature, their
knowledge is as important as the assignment of initial conditions in classical mechanics, for
instance. The canonic dependences K;(m) provide the framework for the determination of
the temperature or field dependences by inserting the experimentally measured magnetization
as a function of temperature or field, respectively, as has indeed been the practice for
analysing anisotropy and magnetostriction in rather different experimental situations.

The two-constant case has been completely specified. Three types of canonic
dependence for the anisotropy conmstants have been found in both uniaxial and cubic
symmetry. Each particular canonic dependence is valid for the whole class of theories
for a given value of the intrinsic ratio r = KJ/K?. A straightforward extension of the
method allowed us to predict three types of variation for the magnetostriction of single-ion
origin in the two-constant case. By the same token, one finds that in uniaxial symmetry and
within the three-constant analysis three generic types of variation are possible for the second
anisotropy constant X3 as a function of magnetization or temperature. The way to analyse
systematically the three-constant case has been discussed and some further peculiarities
(apart from the predictions for the behaviour of K5) have been illustrated.
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We have furthermore suggested that the results of the analysis of the case with two
basis functions {k,} are applicable as an alternative explanation.for the occurrence of near-
zero magnetostriction in Co- and Fe-rich amorphous alloys. By now, the compensation has
always been viewed as the outcome of counteracting single-ion and two-ion contributions.
In contrast, the mechanism suggested in this paper is the competition between single-ion
anisotropies of different orders. A necessary step for the analysis from the theoretical side is
the development of a parametric method for the computation of the dependence of the rwo-
ion anisotropy on magnetization so that a quantitative resojution of the described alternative
would be possible. Moreover, such an advance may provide for the simuitaneous account of
both types of anisotropy, thus transforming the alternative into an interpolation between the
one-ion and two-ion mechanisms with different weights. Since physical intuition and some
earlier studies indicate that the dependence of the two-ion contributions on magnetization
is also monotonic [31}, one is once again, as with the case of p = 3 for the magnétic
anisotropy energy above, led to consider the effect of superposing three different monotonic
functions, namely, those for the lowest and next-lowest single-ion anisotropy plus the one
describing the two-ion contribution. Unluckily, the latter function could hardly be computed
effectively for the whole class, envisaged in this paper, which means that Ioss of generality
seems unavoidable. The testing ground for such developments would be the degree of
accuracy of fitting to existing experimental measurements on Co-rich zero-magnetostrictive
alloys ([22, 25-30] and references therein). The issue deserves further elucidation.
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